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an with increasing n approaches a limit, as for instance in the continued fraction of Gauss where lim an = — J. The significance of the existence of such a limit I first pointed out for a comprehensive class of cases in 1901 [32, a], and since then I have shown by simpler methods [32, c] that the result is perfectly general. Let lim an = k. Then the continued fraction converges, save at isolated points, over the entire plane of x with the exception of the whole or a part of a cut drawn from x = — 1 /4k to x = oo in a direction which is a continuation of the vector from x = 0 to x = — 1 /4&. "Within the plane thus cut the limit of the continued fraction is holomorphic except at the isolated points which (if they exist) are poles. When there is no limit for an but only an upper limit U for its modulus, the continued fraction (see [32,6]) is mero-morphic or holomorphic at least within a circle of radius 1/4U having its center in the origin.* A special case is that in which lim an = 0. The limit of the continued fraction is then a function which is holomorphic or meromorphic over the entire plane. A comparison of this last result with that of Montessus shows that a much greater region of convergence has now been obtained. This is doubtless, in general, a reason for preferring the second and third types of continued fractions to the first.
As another illustration of the second type of continued fraction I shall choose the celebrated continued fraction ofStieltjes [26, a]. In this each coefficient an is positive. By putting x = 1/z in (2), the continued fraction, after dropping a factor z, can be thrown into the form
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which is the form preferred by 8tieltjes.    To every such continued fraction there corresponds a series
* A demonstration of this property within the circle (1/4Z7) has been previously given in a dissertation by Worpitzky [18 bis], which has come to my notice for the first time during the examination of the proof-sheets of these lectures. This dissertation bears the date 1865 and appears to be the earliest published memoir treating of the convergence of algebraic continued fractions.        ________                 .....       -•.......-.......                                                                       '                                      ""™~~- .....  ;   ..........—-uun
